We compute the cross section for exclusive production of a photon associated with a heavy quarkonium H of charge-conjugation parity C = +1 from e + e − annihilation into a virtual photon at the center-of-momentum energy √ s = 10.58 GeV. The nonrelativistic QCD factorization formulas for the differential and total cross sections are obtained at leading order in the strong coupling and in the relative velocity of the heavy quark in the quarkonium rest frame. The predicted cross sections for the S-wave spin-singlet cases are about 80 fb and 50 fb for H = η c and η c (2S), respectively. Among P -wave spin-triplet charmonia, χ c1 has a particularly large cross section of about 14 fb. The cross sections for bottomonium states η b and χ bJ are about 3 fb. A rough estimate of the background reveals that the signal significances for charmonium processes are sufficiently large enough to be detected with ease with the integrated luminosities available at the present B factories.
I. INTRODUCTION
The measurements of the cross section for exclusive J/ψ + η c production from e + e − annihilation carried out by the Belle [1, 2] and BABAR [3] collaborations have triggered rapid progress in the heavy-quarkonium theory based on the nonrelativistic QCD (NRQCD) factorization approach [4] . The original empirical cross section in Ref.
[1] was greater than the theoretical predictions by Braaten and Lee [5] and by Liu, He, and Chao [6] by an order of magnitude. Scenarios that the signal may contain other final states like J/ψ + J/ψ [7, 8] or J/ψ+glueball [9] were ruled out by an updated Belle analysis [2] . There was an argument that an appropriate choice of the light-cone wave function [10] may enhance the theoretical prediction significantly, which was disfavored by a following study [11] . Zhang, Gao, and
Chao reported large corrections of next-to-leading order in the strong coupling α s [12] and the result was confirmed by Gong and Wang [13] , but the corrections were not large enough to resolve the discrepancy between experiment and theory. In the mean time, Bodwin, Kang, and Lee introduced a new method of resumming relativistic corrections of a class of color-singlet contributions to all orders in v [14] , where v is the relative velocity of the heavy quark or antiquark in the meson rest frame. The method was applied to compute the relativistic corrections to e + e − → J/ψ + η c [15] . Finally, Bodwin, Lee, and Yu reported that the discrepancy had been resolved within errors [16] , after including both the resummed relativistic corrections and next-to-leading order QCD corrections by Zhang, Gao, and Chao.
In addition, the first proof of the factorization theorem for exclusive charmonium production in B decay and exclusive two-charmonium production from e + e − annihilation to all orders in perturbation theory in QCD was presented very recently by Bodwin, Garcia i Tormo, and Lee [17] .
As shown in Ref. [5] , at leading order in v, a non-negligible amount of the cross section for the exclusive production of charge-conjugation parity C = +1 charmonium (H) associated with a J/ψ from e + e − annihilation into a virtual photon comes from the interference between QCD and QED subprocesses, where the QED subprocess involves γ * → H + γ * followed by the photon fragmentation γ * → J/ψ. The interference contributions are about +30%, +5%, −6%, and 10% for H = η c , χ c0 , χ c1 , and χ c2 , respectively [5] . This means that the pure QED contributions are about 10%, 0.3%, 0.4%, and 1% of the total cross sections, respectively.
We notice that, in comparison with the QED subprocess for e + e − → H + J/ψ, the rate for e + e − → H + γ is enhanced by a scaling factor of 1/(αv 3 ) ∼ 10 3 for a charmonium, where α is the QED coupling. Based on this rough estimate, we expect that the cross section for e + e − → H + γ can be greater than that for e + e − → H + J/ψ by 2 orders of magnitude for H = η c . For the P -wave spin-triplet charmonia, the enhancement factors range from about 1 to 10. Therefore, as long as the severe background from e + e − → X + γ is well controlled in the recoil mass (m X ) regions near the H resonances, the processes e + e − → H + γ can be detected by analyzing the photon energy spectrum in e + e − → X + γ.
In this paper, we compute the cross section for the exclusive process e + e − → H + γ at the center-of-momentum (CM) energy √ s = 10.58 GeV, where H is a heavy quarkonium of charge-conjugation parity C = +1. We consider S-wave spin-singlet states η c , η c (2S), and η b and P -wave spin-triplet states χ cJ and χ bJ , where J = 0, 1, and 2. 1 Perturbative calculation is carried out at order α 3 α 0 s and at leading order in v. The remainder of this paper is organized as follows. In Sec. II, we compute the short-distance coefficients for the NRQCD factorization formulas for the e + e − → H + γ cross sections. The numerical values for the input parameters such as long-distance NRQCD matrix elements are given in Sec. III.
The cross sections for e + e − → H + γ at the B factories are predicted in Sec. IV, where a rough estimate on the background is also given. Then, we summarize our results in Sec. V.
II. PERTURBATIVE CALCULATION
In this section, we derive the NRQCD factorization formula for the exclusive process e + e − → H + γ at leading order in both α s and v, where H is a heavy quarkonium of chargeconjugation parity C = +1. The quarkonia H that we consider in this paper are the S-wave spin-singlet ( 1 S 0 ) state, η Q , and the P -wave spin-triplet ( 3 P J ) states, χ QJ , for J = 0, 1, and 2, where the heavy quark Q is the charm or the bottom quark. Because the C parity of the final state is −1, at leading order in α, an exclusive H + γ final state can be produced from e + e − annihilation into a virtual photon. A heavy quarkonium with C = −1 can be produced associated with a photon from e + e − annihilation into two photons, which we do not consider here.
1 Throughout this paper we suppress the identifier (1P ) for any 1P quarkonium. with a photon from e + e − annihilation into a virtual photon at leading order in α and α s .
A. Amplitude
The Feynman diagrams for the exclusive process e Fig. 1 . Here, k 1 , k 2 , P , and k are the momenta for the e − , e + , H, and γ, respectively. The helicities of the H and γ are denoted by λ H and λ, respectively.
The S-matrix element for the process is given by
where −e is the electric charge of the electron and ǫ γ is the polarization four-vector of the photon. The leptonic current L µ in Eq. (1) is defined by
The factor A µν H ǫ * γν in Eq. (1) corresponds to the amplitude for γ
where Q is the momentum of the virtual photon γ * .
B. Effective vertex
A µν H in Eq.
(1) contains nonperturbative contributions of the QQ pair that evolves into the heavy quarkonium H. In the NRQCD factorization approach [4] , the hadronic tensor A µν H can be expanded as a linear combination of NRQCD matrix elements that involve the long-distance nature of the QQ pair. A corresponding short-distance coefficient of each NRQCD matrix element is insensitive to the long-distance nature of the pair and calculable perturbatively. According to the velocity scaling rules of NRQCD, NRQCD matrix elements are classified in powers of v [4] . Thus, the expansion can be truncated at a given order of accuracy. The velocity scaling factor of an NRQCD matrix element is determined by the spectroscopic state of the QQ pair, [QQ] 1 ( 2s+1 L J ), and that of the H into which the QQ pair evolves. Here, s, L, and J are the spin, orbital angular momentum, and total angular momentum of the QQ pair, respectively, and the subscript 1 indicates that the pair is in a color-singlet state.
For the exclusive process γ * → H + γ, the color-singlet QQ pair with the spectroscopic state identical to that of the H contributes at leading order in v. In order to determine the corresponding short-distance coefficient, we compute the QQ analog A 
Here, the four-momenta p andp for the Q and thē Q, respectively, can be expressed in terms of the total momentum P and half their relative momentum q:
where P · q = 0. In the QQ rest frame, P = (2E, 0), q = (0, q), E = (m 2 + q 2 ) 1/2 , and m is the mass of the heavy quark Q. At leading order in v, P can be identified as the quarkonium momentum. The amplitude for the perturbative process γ
The tensor A µν in Eq. (4) is defined by
where e Q is the fractional electric charge of the heavy quark Q,
and ½ is the unit matrix of the color SU(N c ) for N c = 3. 
We still need to project out an appropriate orbital-angular-momentum state. In order to project out the S-wave contribution at leading order in v, one must put q = 0. By making use of Eqs. (5) and (6a), we obtain the QQ analog A µν Q ( 1 S 0 ) of the hadronic tensor for the S-wave color-singlet spin-singlet state:
where the trace is over both spin and color indices.
The P -wave contribution at leading order in v is proportional to the first derivative of Eq. (4) with respect to q. By making use of Eqs. (5) and (6b), we obtain the QQ analog
of the hadronic tensor for the P -wave color-singlet spin-triplet state, where ǫ(λ ℓ ) is the polarization for the P -wave orbital-angular-momentum state and
Like Eq. (7) the trace in Eq. (8) 
where λ H is the helicity of H. ǫ Because we consider the color-singlet contributions at leading order in v, the polarization vector and tensor are treated to be identical to those for H( 3 P 1 ) and H( 3 P 2 ), respectively. The tensor I µν appearing in Eq. (9) is defined by
As a result, we obtain the effective vertex for the perturbative process γ
In the limit Q 2 → 0, the expressions in Eq. (11) reduce into the effective vertices for the 
C. Perturbative matching
The QQ analogs A µν Q ( 2s+1 L J ) (11) for the hadronic tensors contain perturbative NRQCD matrix elements. At the squared amplitude level, those perturbative NRQCD matrix elements at the leading order in v are 0|O
state, where O 1 is the local four-quark operator of NRQCD [4] . In general, the production matrix elements are related to the NRQCD matrix elements for the decay under vacuumsaturation approximation, which is valid up to corrections of relative order v 4 [4] . For exclusive production through the electromagnetic interaction, the v-leading perturbative NRQCD matrix elements for the 1 S 0 and 3 P J states are simply expressed at the amplitude level as
where ψ † and χ are two-component Pauli spinors creating a heavy quark and a heavy antiquark, respectively, σ i is a Pauli matrix, and D is the spatial part of the gauge covariant derivative. Note that only a single polarization state is projected out in the expressions in Eqs. (12c) and (12d). In Eq. (12d), the following notation for the symmetric traceless component of a tensor is used: By making use of Eqs. (7), (9) , and (12), we obtain the hadronic tensors:
This step is equivalent to replacing the perturbative QQ state (11) by the meson state
, where m H is the mass of H. At leading order in v,
, that is included in the vacuum-saturated analog of the NRQCD decay matrix elements O 1 L for L = S or P , has the nonrelativistic normalization:
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The expressions in Eq. (14) have errors of relative order v 2 , which break the heavy-quark spin symmetry.
Substituting Eq. (11) into Eq. (13), we obtain the hadronic tensor A µν H in Eq. (1):
The hadronic tensor (15) can be compared with previous results for the color-octet processes [19] . We find that the results in Eq. (15) are consistent with those given in Eqs. (3.23), (3.25) , (3.26) , and (3.27) of Ref. [19] up to color factors. We have also checked that Eq. (15) reproduces the decay widths for η Q , χ Q0 , and χ Q2 into two photons [4] in the limit Q 2 → 0.
D. Cross section
Substituting the hadronic tensor A µν H in Eq. (15) and polarization states for the H and γ into Eq. (1), we obtain the helicity amplitude. By squaring the helicity amplitude, averaging over the spins of the e + and e − , dividing by the incident flux 2s, and multiplying by the two-body phase space, we obtain the differential cross section for each helicity state in terms of x = cos θ, where θ is the scattering angle of the photon at the CM frame. The resultant differential cross section for the e + e − → H(
where −1 ≤ x ≤ 1 and the scaling parameter r is defined by
The differential cross section of the e + e − → H( 3 P J ) + γ process for each helicity state is given by
where nonvanishing entries of F J (λ H , λ) are
In computing the phase space in Eqs. (16) and (18) When the CM energy √ s is much greater than the heavy-quark mass m, the asymptotic behavior of the cross section for e + e − → H + γ satisfies the helicity selection rules of perturbative QCD [20, 21] . In this limit, the scaled cross section R(H + γ) in units of the cross section for µ + µ − approaches the asymptotic form [5] 
where n(S) = 0 and n(P ) = 1. The factor v 3+2n(L) in Eq. (20) arises from the wave function of the H. One power of r in Eq. (20) stems from the large momentum transfer which is required for the heavy-quark pair to form the heavy quarkonium with small relative momentum and the other powers arise from the helicity selection rules [5] . In the limit r → 0, the differential cross sections in Eqs. (16) and (18) satisfy the asymptotic form (20) .
For the exclusive charmonium production associated with a photon at the B factories, the ratio r ≈ 0.07 is small for m c = 1.4 GeV. However, for the case of a bottomonium, r ≈ 0.76 is of order 1 for m b = 4.6 GeV. Therefore, the asymptotic behavior (20) is approximately satisfied only for the exclusive charmonium plus γ production at the B factories.
Integrating the differential cross section given in Eq. (16) over x and summing over the photon helicities, we find the total cross section for the process e + e − → H(
Integrating Eq. (18) over x and summing over the helicities of the photon and quarkonium, we obtain the total cross sections for e + e − → H( 3 P J ) + γ:
where we have used the spin-1 and spin-2 polarization tensors for 3 P 1 and 3 P 2 states summed over polarization states:
III. PARAMETERS FOR THE NUMERICAL ANALYSIS
In order to predict the cross sections for e + e − → η Q + γ and χ QJ + γ at the B factories by using Eqs. (21) and (22), we need to determine the numerical values for the NRQCD matrix elements O 1 L and input parameters such as m, m H , α, and α s . In this section, we list the numerical values for those quantities that we use in this work.
A. Input parameters
The short-distance coefficients for the cross sections in Eqs. (21) and (22) depend on the heavy-quark mass m. We take the one-loop pole mass for the heavy-quark mass m: m c = 1.4±0.2 GeV for the charm quark and m b = 4.6±0.1 GeV for the bottom quark, respectively.
As we mentioned earlier, we use the physical quarkonium mass for m H in the phase-space factor 1 − m 2 H /s in Eqs. (21) and (22), where m ηc = 2.9804 GeV, m ηc(2S) = 3.638 GeV, m χ c0 = 3.41475 GeV, m χ c1 = 3.51066 GeV, m χ c2 = 3.55620 GeV, m χ b0 = 9.585944 GeV, m χ b1 = 9.89278 GeV, and m χ b2 = 9.991221 GeV [22] . For the η b mass, we take m η b = 9.3889
GeV [23] .
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The cross sections in Eqs. (21) and (22) B. Long-distance matrix elements
NRQCD matrix elements O 1 S
The color-singlet NRQCD matrix elements for the S-wave spin-singlet charmonia, η c and η c (2S), can be determined from the two-photon decay rates. However, up to errors of relative order v 2 that arise from the heavy-quark-spin-symmetry breaking, one can determine the values also by making use of the leptonic decay rates of the spin-triplet counterparts, which are far more accurately measured. Among various theoretical attempts to determine the matrix elements for the S-wave spin-singlet charmonia, we employ a recently developed method given in Refs. [14, 25, 26] . This method resums a class of relativistic corrections to the color-singlet contributions to the electromagnetic decay rates of both spin-singlet and triplet S-wave charmonia to all orders in v. The color-singlet NRQCD matrix element O 1 S for the η c is taken to be 0.437
−0.105 GeV 3 [26] .
For the radially excited S-wave spin-singlet state η c (2S), the NRQCD matrix element determined from the measured decay width for η c (2S) → γγ differs significantly by about 4.6σ from that for ψ(2S) determined from ψ(2S) → e + e − . The difference is greater than the errors of neglecting spin-symmetry breaking effects. We suspect that the main reason for the discrepancy is originated from the assumption [27] :
This assumption was imposed on the indirect determination of the partial width for may provide one with a stringent test of our assumption. We will present a detailed analysis regarding this point in a separate publication. Basic strategy for determining the matrix element is similar to that in Ref. [26] . Disregarding the assumption (24) 
NRQCD matrix elements O 1 P
The generalization of the resummation of relativistic corrections [14] to the P -wave quarkonium has not been developed because of the complication due to the color-octet contributions. Therefore, for the spin-triplet P -wave charmonium χ cJ , we determine the NRQCD matrix element O 1 P by comparing the v-leading NRQCD factorization formulas for the photonic decay widths [4] Γ(χ c0 → γγ) = 6πe
with corresponding measured values. The decay of χ c1 into γγ is absent due to Yang's theorem [29] .
Substituting the numerical values Br(χ c0 → γγ) = (2.76±0.33)×10 −4 [22] , the total decay width Γ χ c0 = 10.4 ± 0. [22] . We take the weighted average over the spin states of χ c0 and χ c2 to determine O 1 P = 0.060
where the heavy-quark spin symmetry is imposed and the uncertainty from the heavy-quark mass is considered together with those from the experimental values.
In the cases of the spin-triplet P -wave bottomonium states χ bJ (1P ), the measured values for the two-photon decay widths are not available. Therefore, we use the first derivative of the wave function at the origin that has been determined by using the Buchmüller-Tye potential [31] . The resultant value for the NRQCD matrix element is
Summary of NRQCD matrix elements
In Table I , we tabulate the color-singlet NRQCD matrix elements for η c , η c (2S), η b , χ cJ , and χ bJ . As has been described in the text, there are input parameters such as m that have been used to determine the NRQCD matrix elements. When we compute the short-distance coefficients for the cross section for e + e − → H + γ, such input parameters must be consistent with the values that have been used to determine the NRQCD matrix elements [26] . In order to take into account such correlations, we present sources of the uncertainties for each NRQCD matrix element in Table I . The first and the second lines after headings contain uncertainties arising from the heavy-quark mass m and from sources described in each reference except for m, respectively. The sum of the two uncertainties is obtained by adding them in quadrature as shown in the last row of Table I . 
IV. PREDICTIONS FOR THE B FACTORIES
In this section, we provide the predictions for the cross sections for e + e − → H + γ at the B factories. We also discuss the uncertainties and phenomenological implications of the results.
Our predictions for the total cross section σ for e + e − → H + γ at the CM energy √ s = 10.58 GeV are given in the first column of Table II . The values have been obtained by substituting the input parameters listed in Sec. III into the NRQCD factorization formulas in Eqs. (21) and (22) . In the second column, we provide the cross section σ cut in which we have imposed the cut | cos θ| < 0.8 for the scattering angle θ of the photon at the CM frame.
σ cut is about 70%-80% of σ in any case. In the last column in Table II , we list the energy
of the photon emitted in e + e − → H + γ at the CM frame, which may provide an efficient trigger for the signals.
A. Uncertainties
The error bars of the cross sections σ and σ cut listed in Table II contain the following uncertainties. A dominant source of the uncertainties is the heavy-quark mass m, which affects both the NRQCD matrix elements in Table I and the short-distance coefficients appearing in the NRQCD factorization formulas in Eqs. (21) and (22) . To avoid double counting of those errors, we have considered the correlation of the uncertainties from m. The total cross section σ in units of fb and the photon energy E γ at the CM frame in units of GeV in e + e − → H + γ depending on charge-conjugation parity C = +1 quarkonium H.
The subscript "cut" represents the cut | cos θ| < 0.8 for the scattering angle θ of the photon at the CM frame. 
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Other errors in O 1 S include a theoretical uncertainty of relative order v 2 from the leadingpotential approximation, the uncertainty of the string tension, which is a parameter of the Cornell potential model, the uncertainty reflecting the uncalculated next-to-next-toleading-order corrections in α s to the electromagnetic decay width of the quarkonium, and the uncertainty of the measured decay width. For more details about the error analysis, we refer the reader to Refs. [26] . The error bars of the NRQCD matrix elements O 1 P for the χ cJ in Table I include the uncertainties from the heavy-quark mass m and the measured widths for the two-photon decays of the χ c0 and χ c2 . The NRQCD matrix elements O 1 P for the χ bJ are quoted from Refs. [31, 32] , where uncertainties are not included [32] . As a result, except for the uncertainties from the heavy-quark mass m appearing in the shortdistance coefficients, no additional uncertainties are included in the error bars of the cross section for H = χ bJ . The error bars of σ and σ cut in Table II have been obtained by adding all the uncertainties listed above in quadrature.
Our predictions in Table II may suffer from QCD and relativistic corrections that have not been calculated, yet. We guess that the corrections may not be as large as those observed in the two-charmonium production from e + e − annihilation [12, 15, 16, 33] , where all such corrections are aligned to make a significant enhancement of the prediction for the cross section.
B. Exclusive η c (1S, 2S) + γ production
As we have shown in Table II in Refs. [34, 35] with an alternative assumption that the approximate heavy-quark spin symmetry still holds between the NRQCD matrix elements for η c (2S) and ψ(2S). The measurement of the cross section for e + e − → η c (2S) + γ is particularly interesting because the measurement may provide an independent test of our argument presented in Sec. III B 1.
Our prediction of the cross section for H = η b at the B factories is about 2.5 fb. By taking into account the integrated luminosities available at the present B factories, we expect that over three thousands of e + e − → η b + γ events can be produced. This number exceeds the estimated number of events at LEP II through γ * γ * → η b by about an order of magnitude [36] [37] [38] . Therefore, the exclusive process e + e − → η b + γ could be an alternative probe to the η b meson as long as the background can be removed significantly.
As shown in Table II , the cross section for H = χ QJ ranges from about 1 to 5 fb except for the case of χ c1 , which has a particularly large value of about 14 fb. The reason is that the overall coefficient for the longitudinal χ Q1 is greater than those for the other two states as shown in Eq. (19) . 3 This contrasts to the P -wave decay into γγ, where χ Q1 → γγ is forbidden by Yang's theorem [29] . A similar feature can be found in the inclusive charm production in χ bJ decay [32] : the decay rate of the χ b1 into g * g is comparable to those of the χ b0 and the χ b2 , especially in the limit of the large invariant mass of the g * . Unlike the P -wave spin-triplet charmonium, the cross sections for χ b1 and χ b2 are comparable and that for χ b0 is much suppressed.
E. Backgrounds
The exclusive process e + e − → H + γ for C = +1 heavy quarkonium H suffers from large contamination from the background e + e − → X + γ. In this section, we provide a rough estimate on the background.
We assume that the dominant subprocesses of the background e + e − → X + γ are e + e − →+ γ, where q = u, d, s, and c. These processes have collinear divergences due to the photon radiation from the initial leptons and final massless quarks. In order to avoid such complications, we take the following cuts: | cos θ| < 0.8, cos θ qγ < 0.8, and cos θq γ < 0.8, where θ is the scattering angle of the photon and θ iγ is the relative angle between the photon and a quark or an antiquark i in the CM frame. We also restrict the energy range of the photon by requiring the recoil mass m X to satisfy |m X − m H | < 50 MeV.
By imposing the constraints listed above, we carry out the numerical calculation for the background cross section σ BG (H) for each C = +1 heavy quarkonium H by making use of
CompHEP [39] . The results are σ BG (charmonium) ≈ 0.5 pb and σ BG (bottomonium) ≈ 2.4-4.5 pb. The background cross sections σ BG (H) are much greater than the signal cross sections σ cut in Table II . However, the high integrated luminosities L of order 1 ab −1 of the present B factories might allow one to measure the exclusive C = +1 quarkonium production associated with a photon. We can compute the signal significance S(H) for each heavy quarkonium, where S(H) is defined by
We find that S-wave charmonium states have particularly large values: S(η c ) ≈ 81 and
In the cases of P -wave charmonium states, S(χ c0 ) ≈ 1, S(χ c1 ) ≈ 13, and S(χ c2 ) ≈ 5. And S(H) is less than 1 for η b and χ bJ states.
Our background study given above is only a rough estimate. In the cases of bottomonium states, there must be obstacles in detecting photons with energies about 1 GeV or less because of the large contamination from the decays of light hadrons [40] . However, the exclusive charmonium production associated with a photon may have significantly less additional backgrounds unlike the bottomonium states because the radiating photon is sufficiently hard. We also note that there may be another background arising from the feeddown from the e + e − → H( 3 S 1 ) + γ process for H( 3 S 1 ) = J/ψ, ψ(2S), or Υ(nS), whose cross sections are of order pb. Especially, the measurement of the χ QJ +γ production may be affected by such feeddown. Reduction of such backgrounds may be subject to detector resolution.
V. SUMMARY
We have calculated the cross section for the C = +1 heavy quarkonium H produced exclusively with a photon from e + e − annihilation into a virtual photon at leading order in α s and v. The NRQCD factorization formulas for the differential distributions with respect to the scattering angle of the photon and the total cross sections for H = η Q and χ QJ have been obtained in Eqs. (16), (18), (21), and (22), respectively. Our predictions for the cross sections at √ s = 10.58 GeV are tabulated in Table II . The predicted cross sections for the S-wave spin-singlet states are about 80 fb, 50 fb, and 3 fb for η c , η c (2S), and η b , respectively.
In the cases of the P -wave spin-triplet charmonia, the cross section for χ c1 is about 14 fb;
that is significantly greater than those for χ c0 and χ c2 . The cross sections for χ b1 and χ b2 are about 3 fb and that for χ b0 is suppressed. Under the cut | cos θ| < 0.8 for the scattering angle θ of the photon, the cross sections decrease by about 20%-30 %.
The exclusive process e + e − → H + γ may suffer from a large background from e + e − → X + γ. A rough estimate on the background cross section has been made by considering only the e + e − →+ γ contributions at leading order in α s . In computing the background cross section, we have required |m X − m H | < 50 MeV for the recoil mass m X and imposed the angular cuts | cos θ| < 0.8, cos θ qγ < 0.8, and cos θq γ < 0.8. The resultant background cross sections are about 0.5 pb for the charmonia and about several pb for the bottomonia.
The signal significances for the η c , η c (2S), χ c1 , and χ c2 cases are greater than 6. However, those for the η b , χ c0 , and χ bJ are about 1 at the present B factories.
Very recently, the BABAR Collaboration observed the η b resonance in the photon energy spectrum in radiative Υ(3S) decay [23] . The exclusive process e + e − → η b + γ that we have considered could be an alternative probe to the η b meson as long as the backgrounds are significantly removed.
As we have remarked earlier, the authors of Refs. [34] and [35] made an assumption constraint to test our argument.
